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THIS PAPER concerns those Dehn fillings on a torally bounded 3-manifold which yield 
manifolds with a finite fundamental group. The focus will be on those torally bounded 
3-manifolds which either contain an essential torus, or whose interior admits a complete 
hyperbolic structure. While we give several general results, our sharpest heorems concern 
Dehn fillings on manifolds which contain an essential torus. One of these results is a sharp 
“finite surgery theorem.” The proof incl udes a characterization of the finite fillings on 
“generalized” iterated torus knots with a complete classification for the iterated torus knots 
in the 3-sphere. We also give a proof of the so-called “2x” theorem of Gromov and 
Thurston, and obtain an improvement (by a factor of two) in the original estimates of 
Thurston on the number of non-negatively-curved Dehn fillings on a torally bounded 
3-manifold whose interior admits a complete hyperbolic structure. Copyright 0 1996 
Elsevier Science Ltd. 
1. INTRODUCTION 
We will consider the Dehn filling operation [ 143 as relating two natural classes of orientable 
3-manifolds: those which are closed and those whose boundary is a union of tori. The prime 
manifolds in each of these two classes of 3-manifolds admit a natural trichotomy. In 
particular, for a prime closed orientable 3-manifold N either: 
(a) rr,(N) is finite, or 
(b) rc,(N) is infinite and N is a K (n, l), or 
(c) N is homeomorphic to Sz x S’; 
and a torally bounded 3-manifold M either: 
(1) admits a Seifert fibration (and we say M is of type SF), or 
(2) contains an essential torus (and we say M is of type ET), or 
(3) admits a complete hyperbolic structure on its interior (and we say M is of type H). 
The Dehn filling construction relates these two classes. Given a torally bounded 
3-manifold M and a slope I (that is, an isotopy class of an unoriented simple closed curve) on 
8M, one forms a closed manifold M(r) by gluing a solid torus I/ to M so that the boundary 
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of a meridian disc for V lies in r. The manifold M(r) is said to be obtained by r-Dehn filling 
on M. If K is a knot in the 3-sphere, we also use the notation K(r) to denote the manifold 
M(r) where M is the exterior of K, and say that K(r) is obtained by r-Dehn surgery on K. It 
is occasionally useful to extend this notion to 3-manifolds whose boundary is a union of 
u tori and to denote the closed manifold obtained by attaching u solid tori to the slope 
(ri, . . . ,r,) by M(rI, . . . ,I”). 
We are interested in the case where two (or more) Dehn fillings on a torally bounded 
3-manifold yield closed 3-manifolds which are somehow “exceptional”. Here “exceptional” 
can mean things such as: “is S3”, “is simply-connected”, “is S2 x Sir’, “is reducible”, “is not 
hyperbolic”, “is Seifert fibred “, “has cyclic fundamental group”, or “has finite fundamental 
group”. Many classical problems, such as the property R and P conjectures, the knot 
complement problem, and the cabling and lens space conjectures, as well as several 
classification problems can be interpreted in this manner. We will call a Dehn filling yielding 
a manifold with finite fundamental group a @rite filling following the convention used for 
Dehn fillings which yield a manifold with cyclic fundamental group. 
Many of the principal results in this area are expressed in terms of the distance or 
difirence in slope A(r,s) of two slopes r and s on M. This is defined to be the minimum 
geometric intersection number of the corresponding simple closed curves. Theorems typi- 
cally read: “If M(r) and M(s) are “exceptional” then A(r, s) is less than a constant and there 
are at most n “exceptional” fillings on M “, where the constant and n depend on the precise 
meaning of “exceptional”. Perhaps the best known theorem of this type is the cyclic surgery 
theorem of Culler et al. [13] which states that if a torally bounded 3-manifold is of type ET 
or H, then the distance between slopes yielding manifolds with cyclic fundamental group is 
at most one. Important corollaries are that the cyclic surgeries on a non-torus knot in the 
3-sphere are integral and that there are at most 3 cyclic fillings on manifolds of type ET or 
H. An example of Fintushel and Stern [13] shows that the theorem is sharp. On the other 
hand, knot complements which are Seifert fibred admit infinitely many cyclic surgeries, 
realizing arbitrary large differences in slope, so manifolds of type SF must be excluded. 
The principal results of this paper give a type of “finite surgery theorem”. Known 
3-manifolds with finite non-cyclic fundamental group are all Seifert fibre spaces over the 
two-sphere with three exceptional fibres. The manifolds have finite fundamental group 
when the branching indices of the three exceptional fibres form a so-called Platonic triple. 
That is to say, that the branching indices are either 2,2 and r (the so-called prism manifolds); 
2,3 and 3; 2,3 and 4; or 2,3 and 5; see for example [20]. The spherical space form conjecture 
asserts that every 3-manifold with finite fundamental group is a Seifert fibre space. There is 
a unique Seifert fibration with orientable base for each closed Seifert fibred 3-manifold with 
finite non-cyclic fundamental group; again, see [20]. 
As with the lens spaces, these manifolds arise naturally as surgeries on certain torus 
knots [26]. The most familiar example is Dehn’s picture of the Poincare homology sphere 
arising via + 1 surgery on the right hand trefoil; the fundamental group is just the binary 
icosahedral group Ii2e. A less familiar example is 17/2 surgery on the right hand trefoil, 
whose fundamental group is the product of the binary icosahedral group with the cyclic 
group of order 17. It turns out that + 17 surgery on the - 2, 3, 7 pretzel knot is a finite 
surgery, as direct calculation of the fundamental group shows it too is the product of the 
binary icosahedral group with the cyclic group of order 17. In fact, as shown in Section 
5 this surgery gives the same oriented manifold as does 17/2 surgery on the right hand 
trefoil. The proof uses the Montesinos trick. Some new examples of finite non-cyclic surgery 
on a hyperbolic knot are also given in Section 5. Further examples of finite non-cyclic 
surgeries were recently found by Hodgson and Weeks [22] during their survey of “small” 
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hyperbolic manifolds via the SNAPPEA program, and some of these are discussed in 
Section 6. 
Our sharpest results are for manifolds of type ET. Recall that a cable space is obtained 
from a solid torus by removing an open regular neighbourhood of a standardly embedded 
torus knot in its interior. Such a space is a Seifert fibre space with at most one exceptional 
fibre (along the core circle of the solid torus), and all other fibres are parallel to the torus 
knot removed. 
Explicitly we show the following results. 
THEOREM 1. Let M be torally bounded of type ET. Lfr and s are slopes such that the 
manifolds M(r) and M(s) huue~n~tefundamental group, then either A(r, s) < 5 or else M is the 
union along a torus of a cable space and the twisted I-bundle over the Klein bottle, i.e. a Seifert 
jbre space over D2 with two exceptionalfibres, each of branching index 2. 
This result is sharp. From the bound on the difference in slope we can immediately draw 
the following corollary: 
COROLLARY 2. There exist at most 8$nitejllings on a torally bounded 3-manifold of type 
ET which is not the union of a cable space and the twisted I-bundle over the Klein bottle. 
As we show in Section 2, any manifold obtained by gluing a cable space to the twisted 
I-bundle over the Klein bottle admits an infinite number of finite Dehn fillings, realizing 
arbitrarily large differences in slope. Indeed, with a single possible exception, a filling at 
a distance one from the Seifert fibre of the cable space yields a prism manifold. 
Homology shows that a twisted I-bundle over the Klein bottle cannot be a codimension 
0 submanifold of the 3-sphere, so we obtain the following result for classical knot comp- 
lements. 
COROLLARY 3. Let K be a knot in the 3-sphere whose exterior contains an essential torus. 
If r and s are slopes such that q(K(r)) and q(K(s)) arefinite then A(r,s) < 5 and there are at 
most 8finite surgeries on I(. 
Further, in Section 2 we give examples of non-trivial satellite knots and slopes, r, s such 
that nr(K(r)) and nI(K(s)) are finite and A(r,s) = 5. 
Part of the proof of Theorem 1 is the classification a la [ 171 of the results of Dehn filling 
on a particular boundary component of 3-manifold M which can be decomposed as the 
union over an incompressible torus of a cable space and a Seifert fibre space. This is found in 
Section 2. By first performing this analysis on the iterated torus knots in the 3-sphere, we 
obtain a complete classification of the finite surgeries on iterated torus knots. Here we will 
find our examples of finite surgeries a distance 5 apart. The remainder of the proof of 
Theorem 1 is a reduction to the case of manifolds of type H via the proof of the cyclic 
surgery theorem [13], the proof of an unpublished theorem of Gromov and Thurston, the 
so-called “29 theorem, and an improvement (by a factor of two) in the original etimates 
given by Thurston. These improvements yield the following: 
THEOREM 4. If M is of type H, then there exist at most 24jniteJillings on M. Moreover, $ 
r and s are slopes such that M(r) and ~(s~ have~nitefu~amental group then A(r, s) < 23. The 
same results hold, more generally, replacing~nite~~lings by ~ehn~llings which do not admit 
negatively curved metrics. 
812 Steven A. Bleiler and Craig D. Hodgson 
COROLLARY 5. There exist at most 24LtJinite surgeries on a non-torus knot in the 3-sphere. 
Recent work of Colin Adams [2] gives an improvement o these results when the 
minimal genus of a Heegaard splitting for M is greater than two, i.e. when the so called 
tunnel number of M is greater than 1. In this case there are at most 18 finite fillings on 
M and if r and s are slopes corresponding to finite fillings, A(r, s) < 15. Since this work was 
completed, S. Boyer and X. Zhang have sharpened considerably our estimates for finite 
surgeries on hyperbolic knot exteriors, see [9-111. 
The statement and proof of Gromov and Thurston’s remarkable theorem is given in 
Section 3, along with an application of the theorem to Dehn filling on once-punctured torus 
bundles. The proofs of the theorems and corollaries given above can be found in Section 4, 
along with a further discussion of the results. We note again that there are Seifert fibred 
knot complements in the 3-sphere admitting infinitely many finite surgeries, and so 
manifolds of type SF must be excluded from the statement of Theorem 4. 
For certain families of knots, the cyclic surgeries are classified. Indeed, all the surgeries 
on knots whose complements admit a Seifert fibration (i.e. the torus knots) were classified 
by Moser in [26]. The cyclic surgeries on knot complements in the 3-sphere of type ET were 
classified by Bleiler and Litherland [8] and are in fact just fillings on iterated torus knots 
enumerated by Gordon in Cl?‘]. The classification was given independently by Wu [35] and 
by Gonzales-Acufia and Whitten [16]. Wang [33] and Hempel [21] proved similar 
theorems. The work of Berge [5] and Gabai [ 151 has also led to a conjectural classification 
of the fillings on hyperbolic knot complements in the 3-sphere which yield lens spaces. 
With a few possible exceptions, the finite surgeries on knot complements in the 3-sphere 
of type ET can also be classified. The details of this argument will appear elsewhere. For 
a more detailed history of the study of finite Dehn filling, the reader is referred to [7], where 
some of the results of this paper were originally announced. 
As general references for the techniques used in this paper, we suggest he books by 
Rolfsen [27] and Burd~Zieschang [12] for material on knot theory and 3-manifold 
topology, Thurston [30], Scott [28] and Beardon [4] for hyperbolic geometry, and Spivak 
[29] for Riemannian geometry. 
2. THE FINITE SURGERIB ON ITERATED TORUS KNOTS 
The results of surgery on an iterated torus knot were classified by Gordon in [ 171. While 
Gordon does not in every case explicitly indicate which manifold arises from a given 
surgery, the surgeries yielding lens spaces (i.e. the cyclic surgeries) are classified, as are those 
surgeries yielding Seifert fibre spaces over the 2-sphere with 3 exceptional fibres. He further 
notes that the Seifert inva~ants of these manifolds can be worked out from the proof of the 
classification theorem [ 17,7.5], and that the manifolds obtained by the remaining surgeries 
on iterated torus knots contain at least one incompressible torus. The strategy we will use to 
classify the finite non-cyclic surgeries on iterated torus knots is to begin with a predeter- 
mined set of Seifert invariants, work backwards through the proof of [17, 7.51, and then 
solve the resulting modular equations. A complete list of solutions is obtained because the 
numbers involved are small. 
To begin we note from [17, 7.51 that if an iterated torus knot admits a non-trivial 
surgery yielding a Seifert fibre space over the two-sphere with three exceptional fibres, then 
the knot is cabled at most twice, i.e. the knot is at worst the pl, q1 cable of the pz, q2 cable of 
the p3, q3 torus knot. Moreover, if m/n surgery on such a knot yields a Seifert fibre space 
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over the 2-sphere with 3 exceptional fibres, then in fact m = 4p2q2 + 1, n = 1, 
p1 = 2p2q2 + 1, q1 = 2, and the exceptional fibres of the resulting manifold have branching 
indices p3, q3 and d, where d = j4q,(pz - q2p3q3) f 1 I. Since q2 is at least 2, it follows that 
d is at least 7, so the triple p3, q3, d is never platonic and hence the resulting Seifert fibre 
space has infinite fundamental group. We conclude that an iterated torus knot admitting 
a finite surgery is cabled precisely once. 
For these knots we have from [17,7.5] that if m/n surgery on the pl, q1 cable of the p2q2 
torus knot yields a Seifert fibre space over the 2-sphere with 3 exceptional fibres, then 
m = np,q, + E with E = I): 1 and the exceptional iibres of the resulting manifold have 
branching indices pz, q2 and d, where d = Irn - np, q2q: 1. Again these indices must form one 
of the elliptic triples 2, 2, r; 2, 3, 3; 2, 3, 4; or 2, 3, 5. As pz and q2 are relatively prime, it 
follows that the pair p2, q2 is not 2,2; hence 2 < d < 5. Further, we can assume that n 2 1, 
4122. 
The equation for d can be rewritten as + d = nql(pl - p2q2ql) + E. Since d > 2 and 
q1 B 2, the sign of the last expression is the same as the sign of (pl - p2q2q1), and we have 
wlpt -pzqmI = d - E” (*) 
where 5 = ~sign(p, - p2q2ql). Since ql & 2 and d < 5 this gives: 
For surgeries giving lens spaces, [17,7.5] shows that 12 = 1 so ( ** ) still holds. From this 
we see there are at most 6 finite surgeries on any iterated torus knot. (In fact, there are at 
most 5 combinations of rt and E satisfying (**), as well as the trivial surgery m = 1, n = 0 
giving the 3-sphere.) 
Assume m/n and m’/n’ are both non-trivial slopes giving finite surgeries, with 
m=nplql +E, m’=n’pIql +E’. Then the difference in slopes is A = lmn’ - m’n[ 
=(.sn’-c’nl. If a=&’ then we obtain A=ln’-nl<3-112, and if e= -a’ then 
A=n+n’<5-E+5-’ 
2 
- = 5. This leads to the following: 
2 
THEOREM 6. On any iterated torus knot, there are at most 6finite surgeries. The maxi- 
mal distance between finite surgeries is 5, and the maximal distance from a finite surgery 
to the meridian or a cyclic surgery is 3, All of these situations are realized for the 11, 2 
and 13, 2 cables of the trefoil. 
Remark. In fact, the previous argument shows that the extreme cases occur if and only if 
ql = 2, d = 5, (p2,q2} = (2,3} and Ipl - p2q2qll = (pl - 121 = 1, i.e. p1 = 11 or 13. 
By using equations (* ) and ( ** ), it is not hard to obtain a complete list of finite surgeries 
on iterated torus knots. We illustrate the reasoning for the case n = 3 and d = 5. Here (**) 
implies that g = - 1, q1 = 2 and since ql,q2, d is a platonic triple we have p2q2 = 6. Then 
equation ( * ) gives I p1 - 121 = 1. It follows that p1 = 11 or 13 and that m = 67 or 77, 
respectively. Summarizing, we have shown that 67/3 surgery on the 11, 2 cable of the 3, 
2 torus knot and 77/3 surgery on the 13,2 cable of the 3,2 torus knot yield manifolds with 
finite non-cyclic fundamental group . In particular, here are the first examples of non- 
integral surgery on a non-torus knot which yields a manifold with finite fundamental group. 
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It is also amusing to note that the 11, 2 cable of the 3, 2 torus knot also yielded the first 
example of a cyclic surgery on a non-torus knot [3]. 
Performing a similar analysis on the remaining cases we obtain the complete list of finite 
surgeries on iterated torus knots given in Theorem 7 below. In summary, there are two 
infinite families of finite surgeries one yielding lens spaces and one yielding prism manifolds, 
and 34 “sporadic” instances of finite surgery, most of these on cables of the trefoil. In listing 
the finite surgeries we follow the notation of [17, Theorem 7.53, i.e. performing ~/~ surgery 
on the pl,ql cable of the p2,q2 torus knot is indicated by [P1,~1,~2,~2,m/n]. We have the 
following. 
THEOREM 7. The Jinite surgeries on iterated torus knots are given in Table 1. 
We now wish to repeat the analysis above in a more general situation. 
For this, let M be a 3-manifold which can be decomposed as a union along an 
incompressible torus T of a cable space and a Seifert fibre space N over a k punctured 
surface F having m exceptional fibres with branching indices bl, . . . , b,. In order that 
M itself not be Seifert fibred we require that c, the slope of the Seifert fibre of the cable space 
on T, and s, the slope of the Seifert fibre of N on T, be distinct. As we may no longer employ 
the “natural” coordinates on the slopes on a torus in the 3-sphere, we digress for a moment 
to develop a set of ‘cable space’ coordinates on T and on B, the boundary component of 
M which cobounds the cable space with T. 
We express B as S’ x S’ with the first factor represented by a Seifert fibre C of the cable 
space and we let rrg :B + C be the natural projection onto the first factor. We will abusively 
denote the slope of C on B by c. In a cable space, the fibres may be consistently oriented, so 
we choose such an orientation on the fibres of the cable space and we orient a simple closed 
curve R representing a slope r on B so that n, = degn,: R -+ C is non-negative. This 
uniquely determines an orientation on R unless n, = 0 in which case AB(r,c) = 1 and we 
orient R so that the algebraic intersection number R. C = + 1. We refer to this r as the 
trivial slope on B, and note for later use that for any simple closed curve P on B representing 
the slope p, the distance from p to the trivial slope is exactly rap. Further, for any simple 
closed curve R representing the slope r on B, the integer R. C = E; A(r,c) where gr = f 1. 
Similarly, we express T as S’ x S’ with the first factor represented by a Seifert fibre S of 
N and natural projection rrr : T + S onto this factor. While the Seifert fibres of N may not 
admit a consistent o~entation, we can consistently orient these fibres on T. Choose this 
orientation so that deg 7~~ : C + S is positive, where C abusively denotes a Seifert fibre of the 
cable space on T. As before, the algebraic intersection number C. S = 6. Ar(c, s) with 
6= *1. 
Next, recall from [17] that performing a Dehn filling on a slope r on the boundary of 
a cable space produces either a reducible manifold, a solid torus, or a Seifert fibre space over 
D2 with two exceptional fibres with branching indices q (the winding number of the cable) 
and A(r, c), according to whether A(r, c) is 0, 13 or greater than 1, respectively. It follows that 
the manifold M(r), obtained by filling the slope r on B, is either reducible or contains the 
essential torus T unless A(r,c) = 1. We obtain for non-trivial slopes r on B such that 
A(r,c) = 1, that the manifold M(r) is a Seifert fibre space over the k - 1 punctured surface 
F ‘, obtained from F by capping off one of the punctures, with m + 1 exceptional fibres of 
index bl, . . . , b,, and d, where the equation for d is given by: 
n, . q. A&, s) = d - i 
where E” = ~~‘6 with q 2 2 and A&s) > 0. 
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CPl,qllPzrq2, m/n1 d Remarks 
nl cyclic 
czP,q, f 1,2,P,,q2,(4P*q, + 1)/11 
n, finite non-cyclic 
[6r k 1, 3; r, 2; (18r f 2)/l] 
[9, 2; 3, 2; 19/l] 
[ll, 2; 3, 2; 21/l] 
[ll, 2; 3, 2; 43/2] 
[ll, 2; 3, 2; 45/2] 
[ll, 2; 3, 2; 67/3] 
[13, 2; 3, 2; 27/l] 
[13, 2; 3, 2; 51/2] 
[13, 2; 3, 2; 53/2] 
[13, 2; 3, 2; 77/3] 
[15, 2; 3, 2; 29/l] 
[16, 3; 3, 2; 49/l] 
[17, 3; 3, 2; 50/l] 
[17, 3; 3, 2; 52/l] 
[17, 3; 3, 2; 103/2] 
[19, 3; 3, 2; 56/l] 
[19. 3; 3, 2; 113/2] 
[20, 3; 3, 2; 59/l] 
[23, 4; 3, 2; 91/l] 
[23, 4; 3, 2; 93/l] 
[25, 4; 3, 2; 99/l] 
[25, 4; 3, 2; 101/l] 
[29, 5; 3, 2; 146/l] 
[31, 5; 3, 2; 154/l] 
[35, 6; 3, 2; 21 l/l] 
[37, 6; 3, 2; 221/l] 
[19, 2; 5, 2; 37/l] 
[ 19, 2; 5, 2; 77/2] 
[21, 2; 5, 2; 43/l] 
[21, 2; 5, 2; 83/2] 
[29, 3; 5, 2; 88/l] 
[31, 3; 5, 2; 92/l] 
[39, 4; 5, 2; 157/l] 
[41, 4; 5, 2; 163/l] 
[35, 3; 4, 3; 106/l] 
[37, 3; 4, 3; 110/l] 
[44, 3; 5, 3; 133/l] 
[46, 3; 5, 3; 137/l] 
2 
5 
3 
5 
3 
4 
3 
3 
5 
4 
5 
5 
4 
2 
5 
2 
5 
5 
5 
3 
3 
5 
4 
4 
5 
5 
3 
3 
3 
3 
2 
2 
3 
3 
2 
2 
2 
2 
lens spaces 
prism manifolds 
non-integral 
non-integral 
non-integral 
non-integral 
non-integral 
non-integral 
[6r - 1, 3; r, 2; (18r - 2)/l] with r = 3 
non-integral 
[6r + 1, 3; r, 2; (18r + 2)/l] with r = 3 
non-integral 
non-integral 
non-integral 
[6r - 1, 3; r, 2; (18r - 2)/l] with r = 5 
[6r + 1, 3; r, 2; (18r + 2)/l] with r = 5 
Call M a generalized iterated torus knot complement if M can be decomposed as a union 
of cable spaces and a core manifold consisting of a Seifert fibre space over D2 with at most 
three exceptional fibres. By paralleling the argument in the iterated torus knot case we now 
determine when a Dehn filling on a generalized iterated torus knot complement yields 
a manifold with finite fundamental group. 
We begin by examining the Dehn fillings on a single boundary component of the union 
M of two cable spaces. From ( # ) we have that there is at most one non-trivial filling for 
which the other boundary component of M is compressible. It follows that a generalized 
iterated torus knot complement which is “cabled” at least twice admits at most two finite 
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fillings a distance one apart. So from now on, we consider M to be the union of a cable space 
and a Seifert fibre space N over D2 with at most three exceptional fibres. 
If N has 3 exceptional fibres, and M admits a finite filling, it follows from ( # ) that d = 1 
and that the branching indices of the exceptional fibres of N form an elliptic triple. As d = 1, 
it must be that n, = 1, q = 2, Ar(c,s) = 1, and & = - 1, so that again there is a single 
non-trivial finite filling on 8M, a distance 1 from the trivial slope. 
If N is Seifert fibred over D2 with two exceptional fibres whose branching indices are not 
both two, we have as in the iterated torus knot case that 
(?+#I 
So again there are at most 5 combinations of n, and E, satisfying (# # ), as well as 
(possibly) the trivial filling, with the corresponding slopes lying at a maximal distance 
5 apart, and at most a distance 3 from the trivial slope. 
Finally, if N is Seifert fibred over D2 with two exceptional fibres each of index 2, for 
example the twisted I-bundle over the Klein bottle, (#) shows that with the possible 
exception of the trivial filling, any filling a distance one from the slope of the Seifert fibre of 
the cable space yields a prism manifold. Thus we obtain the following result. 
THEOREM 8. On a generalized iterated torus knot complement which is not the union of 
a cable space and a Seifertfibre space over D2 with two exceptionalfibres each of branching 
index two there are at most 6 finite fillings. Moreover, the maximal distance between finite 
fillings is 5. 
3. NEGATIVELY CURVED DEHN FILLINGS 
In this section we give a proof of the so-called “27~” theorem of Thurston and Gromov. 
As usually stated the theorem concerns the number of Dehn fillings that must be excluded 
for each cusp of a finite volume hyperbolic 3-manifold in order to assure that the manifolds 
resulting from the remaining fillings have negatively curved metrics (i.e. Riemannian metrics 
with all sectional curvatures negative). A well known conjecture in differential geometry 
would imply that these manifolds are in fact hyperbolic. As a 3-manifold with a negatively 
curved metric must necessarily have R3 as its universal cover by the Cartan-Hadamard 
theorem, it follows that such a manifold has infinite fundamental group. The reader is 
reminded that the converse is false as the 3-manifolds without negatively curved metrics 
include the Seifert fibre spaces and manifolds with essential tori and spheres, as well as the 
manifolds with finite fundamental group (see [28]). 
THEOREM 9 (The “2n” Theorem). Let M be a complete hyperbolic 3-manifold of finite 
volume and PI, . . . , P, disjoint horoball neighbourhoods of the cusps of M. Suppose ri is a slope 
on aPi represented by a geodesic ai with length in the Euclidean metric satisfying 
length(aJ > 2x, for each i = 1, . . . ,v. Then M(rI, . . . , r,) has a metric of negative curvature. 
Proof The idea here is to begin with the complete hyperbolic metric on M, remove large 
disjoint horoball neighbourhoods of the cusps, and try to fill in a negatively curved metric 
on each filling torus. For this one appeals to the following lemma due to Gromov (compare 
[19]). It is from this lemma that the theorem gets its name. 
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LEMMA 10. Let V be a solid torus supplied with a hyperbolic metric near its boundary so 
that aV is the quotient of a horosphere. Then the metric near the boundary can be extended to 
a negatively curved metric on V provided that the length of the Euclidean geodesic representing 
the meridian curve on W is at least 2~. 
Remark. The necessity of this condition easily follows from the Gauss-Bonnet theorem 
as applied to a meridian disc, noting that the geodesic urvature of a Euclidean geodesic on 
a horospherical torus is 1. 
Proof We construct a negatively curved metric on V invariant under the action of 
S’ x S’, having the form 
d? = dr’ +f’(r)d$ + g2(r)dA2 
in cylindrical coordinates r, ~1, It; where r G 0 is the radial distance measured outwards from 
ZV, 0 < p< 1 is measured in the meridional direction and 0 d Iz < 1 is measured in 
a direction perpendicular to p. Thus &‘ar, 8/8p, @Cf,I is an orthogonal basis for T, V at each 
point p. We now perform a classical calculation from Riemannian geometry [29] to obtain 
the sectional curvatures for metrics of this form. For notational convenience we set r = x1, 
,u = x2, and A = x3. To begin we have our metric 
and (9”‘) = (gii)-’ = l 0 1 fe2(r) 0 s-W 0 
SO <a/ax,, a/ax,> = 1, (afax,, a/ax,) = f 2(r), and (a/ax,, a/ax,) = g+). NOW we calcu- 
late the Christoffel symbols r& = CIrijrgzk where 
An easy calculation shows that of the 27 Fijls, the only non-zero ones are lr122 =f*f’, 
I- 133 = g+g’, JI’212 =f-f’, IT221 = -f.f’, r313 = g.g’, and l?33r = - g-g’. Thus of the 27 
Christoffel symbols, the only non-zero ones are r:, = f ‘/A F:, = g’/g, rf, = f ‘/S, 
ri, = -f-f’, r31 = g’/g, and l-i, = - g -9’. We can now evaluate the connection 
Va,ax,(a/dxj) = Ck r$4/axk in this basis and get 
j 
v~Tk%q faiaxj) 1 2 3 
1 f’if. wx, dig. wx, 
i 2 _fvGa, -f.fe.alax, 
3 dig. aiah 0 -f.f?.a,as, 
This is symmetric, since V~,~~,(a/axj) - V ~,~~~(a/axi) = [a/ax,, a/ax,] = 0 Vi, j. 
Now it follows that the Riemannian curvature tensor 
R(X Y?Z) = (CVX,VYl - V,X*Y,)(4 
has been diagonalized, and that the sectional curvatures 
@(X, Y, x ), Y > 
K(X,Y)= - (IX((2.I(Y112-(X,Y)2 
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are all convex combinations of the three sectional curvatures K<j = K(a/‘axi, a/ax,), with 
(i,j) = (I, 23). 
For 1yi2 we have 
(R(aiax, , ah, alax, 1, aiaxd 
f&z = - (alax,,a/ax,)(alax,,a/ax2) - (alax,,afax,)2 
= _ @a/ax, (f ‘/f aiax2h a/ax2 > 
f’ 
From the symmetry in f and g, it follows that Kr3 = - g”/g and for KzJ we have: 
K23 =
wwX2, a/ax,, a/ax2), a/ax3 > 
- (a/ax,, a/ax, >. (a/ax,, a/ax3 > - (alax,, a/ax3 >2 
= _ (Vamh . Vajax, wax, 1 - Vajax, ’ Valax, (wax,), a/ax3 > 
f2.Q2 
= _ (f’.f.9’/9.aiax3,aiax3> 
f 2.92 
Now it is easy to see that the initial hyperbolic metric on the cusp bounded by al/ has 
a metric of the above type with f (r) = fo(r) = 1 le’ and g(r) = go(r) = 12e’. Here I1 is the 
length of the (geodesic) boundary of a meridian disc. We thus obtain a metric on V agreeing 
with the original metric near aV and with all sectional curvatures negative if the functions 
f and g are strictly convex, increasing, positive functions, andf= fo, g = go near r = 0. 
It remains to ensure that the metric is non-singular with cone angle 272 along the core 
circle of the solid torus, i.e. at the points r = r. where f (ro) = 0. To do this we first choose 
r. such that 2 < r. < - 1 and define a metric constant curvature - 1 near r = r. by 
taking f(r) = 27rsinh(r - ro) and g(r) = bcosh(r - ro)) for r near ro. This implies that 
f ‘(lo) = 27~ < f ‘(0) = 11, - 2 nr, < I,, and g’(ro) = 0 < 12. It is then clear from Fig. 1 that 
the definitions off and g near r = r. and r = 0 can be extended to give strictly convex, 
increasing, positive smooth functions on the interval r,, < r < 0. This gives a negatively 
curved metric on V as desired. 
Remark. In general, iff(ro) = 0 then 
f’(ro) = lim 
r-,0 & Jolf(r)dp 
gives the cone angle along the core circle of the sofid torus. 
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Next we give an argument (essentially due to Thurston) giving an explicit bound on the 
number of non-negatively-curved Dehn fillings on a cusped hyperbolic 3-manifold. 
THEOREM 11. Let M be a compact 3-manifold with boundary components consisting of tori, 
whose interior admits a complete hyperbolic structure offinite volume. Then if at most 48 Dehn 
Jillings are excluded for each boundary component, all other Dehn Jillings on M admit 
negatively curved metrics. For Dehnjllings on a single boundary component of M, there are at 
most 24 fillings admitting no negatively curved metric. 
Proof. Suppose that the interior of M has been decomposed into a compact part and 
a finite set of cusps, each homeomorphic to T 2 x [0, 1). We identify the universal covering of 
int M with hyperbolic 3-space H3. Then the preimage of each cusp in H3 is an infinite set of 
disjoint horoballs. (See [4, 5.4.43 or [30, chap. 53.) We then expand these horoballs 
equivariantly until two first become tangent. The projection of these expanded horoballs to 
M is a maximal cusp of M. By an isometry of H3, we can arrange that the boundary of one of 
these horoballs is centered about the point co in the upper half-space model of H3 and is 
the set of points at Euclidean height 1 above the x-y plane. We note that lengths on this 
horosphere are the same in both the hyperbolic and Euclidean metrics. The other horo- 
spheres are, of course, tangent to the boundary plane of upper half space, and some have 
diameter 1 by maximality. These horospheres are disjoint from their translates under the 
action of the Z @ Z subgroup of parabolic isometries fixing the cusp at cc ; so all 
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translations have Euclidean length at least 1. It follows that the shortest geodesic on the 
corresponding boundary component P of M minus the maximal cusps also has length at 
least 1. (This argument was used by Meyerhoff [24] to estimate cusp volumes.) 
By picking a basepoint in P and lifting to the universal cover we obtain a lattice in the 
Euclidean plane EZ such that the distance between any two lattice points is at least 1. Each 
closed geodesic on P through the basepoint hen lifts to a straight line segment starting at 
(0,O) and ending at a lattice point. Thus, all surgeries corresponding to lattice points outside 
the circle of radius 271 have negatively curved metrics, by Lemma 10. The worst possible case 
(in terms of the number of excluded lattice points) occurs for the equilateral triangular 
lattice. This leads to a bound of 48. 
An observation of Colin Adams can be used to improve this estimate by a factor of 2. In 
fact, a fundamental domain for a cusp must contain at least two inequivalent maximal sized 
horoballs, because there are two points on the cusp which meet each other at the point of 
tangency. Hence the area of the cusp must be at least ,/? (see [l, Theorem 23). The 
following Lemma then shows that the number of excluded surgeries on that cusp is at most 
24. (Note that each pair f (p, q) of primitive lattice points corresponds to a single surgery.) 
LEMMA 12. Let L be a lattice in Euclidean plane, and let n(L) denote the number of 
primitive lattice points in L having Euclidean length < 2~. If all non-zero elements 0 # p, in 
L have Euclidean length 11 p I( 2 1, and a fundamental domain for L has area > $, then 
n(L) 6 48. 
Proof: Let d > 1 be the minimum length of non-zero vectors in L. By applying a Euclid- 
ean isometry, we can assume that L has a basis u = d(l,O) and v = d(x, y), where 
0 <x <i and x2 +y2 > 1, (1) 
hence y > ,,6/2. Further, the area of the lattice is d2y > ,/? so we also have: 
Y 3 _Vmin, where ymin = max($/d 2, fi/2). (2) 
Thus, ymin = J3/d2, if 1 < d < ,/ and ymin = a/2 if d 2 fi. 
Now IIau + bv II2 = d ‘((a + bx)2 + (by)2), so n(L) is the cardinality of the set 
S = {(a, b) E Z2: (a + bx)2 + (by)2 < (2n/d)2 and gcd(a, b) = l}. 
If n(L) is maximal subject o the constraints (1) and (2) above, it follows that we can assume 
that 1 < d < $ and y = ymin = d/d’. Then S consists of points (a, b) E Z2 satisfying 
Ja + bxl < J(21E/d)2 - b2yz, = a J(~K)’ - 3b2/d2 = Jp((2~)~ - 3b2p), 
where p = l/d2 and b < 2x/&. 
Thus we want to maximize the integer valued function: 
N(p,x) = # {(a,b)E Z2: gcd(a,b) = 1 and (a + bxl c ,/p((27~)~ - 3b2p}, 
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on the set R = {(p,x): l/2 6 p < 1,O < x < l/2). This function is locally constant, and 
changes its value only on a finite set of ellipses of the form 
Eo,b = {(p,x): la + bxl’ = p((2n)’ - 3b2p)}, 
where a, b are integers and gcd(a, b) = 1. So N(p, x) takes finitely many values in the 
compact region R and a straightforward numerical calculation shows that the maximum of 
N(p, x) is 48. (This maximum value is attained on a rather complicated subset of R made up 
of 9 disjoint components, as shown in Fig. 2 above.) 
Remark. Further observations of Colin Adams 123 can be used to improve this estimate 
when the minimal genus of a Heegaard splitting for M is at least 3. As mentioned in the 
introduction, the number of excluded surgeries per cusp in this case is 18. Recent work of 
Cameron Gordon [18] leads to stronger results for 3-manifolds M as in Theorem 11, with 
more than one boundary component. In this case, Theorem 11 can be combined with 
Gordon’s work to show that if at most 8 surgeries are excluded for all but one of the 
boundary tori and at most 24 surgeries are excluded for the other boundary torus then all 
remaining surgeries admit negatively curved metrics. 
The 272 theorem can give very detailed information about excluded surgeries, if one has 
detailed information on the geometry of the maximal cusps. One case where it is possible to 
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obtain good estimates on the non-negatively-curved region is for bundles over the circle 
with a once-punctured torus as fibre. 
THEOREM 13. Let M be a hyperbolic once-punctured torus bundle, with monodromy in 
SLzZ conjugate to: 
where ai > 0 for each i, and n is even. Then there exists an integer N > 0 such that if n > N, 
all but one Dehn filling on M yields a hyperbolic manifold. (The excluded case gives the 
corresponding torus bundle, which has a solv geometry structure). 
Proof: Jorgensen gives a very explicit description of the hyperbolic structures on 
once-punctured torus bundles in [23]. For these manifolds the cusp is approximately 
rectangular with height > cn for some (computable) constant c > 0. By the previous 
theorem it follows that if cn > 2q then all but the trivial filling has a negatively curved 
metric. These manifolds have a symmetry with a one dimensional fixed point set, so by 
Thurston’s orbifold theorem [32] these negatively curved manifolds admit hyperbolic 
metrics. 
Remarks. This theorem answers a question posed to one of the authors by A. Hatcher. 
At present a good estimate for the constant N is not known, but a computer examina- 
tion of examples using Jeff Weeks’ program SNAPPEA appears to indicate that N = 10 is 
the best possible value. For example, the punctured torus bundle with n = 10 and 
a1 =a2 = . . . = a9 = 1, al0 = 2 has two non-hyperbolic Dehn fillings. 
4. A PROOF OF THE MAIN THEOREM 
We begin by giving an estimate on the maximum distance between Dehn fillings on 
a hyperbolic manifold which yield manifolds with no negatively curved metric. 
THEOREM 14. Let M be a 3-manifold with boundary components consisting of tori, whose 
interior admits a complete hyperbolic structure. Suppose a and /I are surgeries on M yielding 
manifolds with no negatively curved metric. Then A(a,/I) < 22. 
Proof We consider the maximal cusp picture used in the proof of Theorem 11. In 
particular, note that the geometric intersection number of two (geodesic) curves a,p on 
a Euclidean torus T is given by dividing the area A(a, /I) of the parallelogram spanned by 
the lifts of a and j? to the universal cover by the area A (T ) of a fundamental domain for the 
torus. So if a and p correspond to surgeries which give manifolds which do not admit 
negatively curved metrics, then A(a, fi) < (2x)(211) = 47?, and so A(a,p) is at most 47r2/A(T). 
The fact that the shortest ranslation on T has length at least one gives A(T) > fi/2 with 
the worst case occurring for the equilateral triangular lattice, hence A(a,/?) < 45. Using 
Adams’ result [l] improves this estimate by a factor of 2, giving A(T) > $ and 
A(a,B) c 47c2/& In particular A(a, /I) < 23. 
Proof of Theorem 1. Assume there is an essential torus T in M which is not the union of 
a cable space wth a Seifert fibre space over D2 with two exceptional fibres each of branching 
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index 2 and finite fillings a’, p’ at a distance d = A(a’, p) > 5 apart. From [ 13, Theorem 2.11 
we conclude that T and &%f cobound a cable space, with wrapping number q, say. From 
[17] it follows that a’ and /I’ pass to a pair of finite fillings a” , /I” on the “core” manifold with 
A(a”,j?“) = q2d. Proceeding inductively we come to a simple manifold which by the 
classification of finite fillings on generalized iterated torus knot complements (Theorem 8) 
must be hyperbolic. As d > 5 and q > 1, we then have a hyperbolic manifold admitting 
finite fillings a, /? with A(a, /I) > 23. This contradiction to our previous results establishes the 
theorem. 
Theorem 11 shows that there are at most 24 finite surgeries on a hyperbolic knot in the 
3-sphere. This extends via Corollary 3 to all non-torus knots as follows. Simple non-torus 
knots are hyperbolic [31]. If not simple, the knot exterior contains an incompressible torus, 
so by Corollary 3 admits at most 8 finite surgeries. This establishes Theorem 4 and 
Corollary 5. 
Some examples. The bounds given by Corollary 5 and Theorem 14 are undoubtedly not 
the best possible. Here are some examples giving the “worst” known behavior in the 
following cases: (a) non-hyperbolic surgeries on hyperbolic manifolds, (b) finite surgeries on 
hyperbolic manifolds, (c) finite surgeries on hyperbolic knot complements, (d) finite surge- 
ries on non-torus knots. 
(a) For the figure eight knot, there are 10 non-hyperbolic surgeries and these satisfy 
A(a, /I) i 8 (see r-301 .)
(b) For 5/l surgery on one component of the Whitehead link, there are 5 finite Dehn 
fillings, satisfying A(a, p) < 3 . (This cusped hyperbolic manifold has the same volume as the 
figure eight complement and is discussed extensively in Weeks’ thesis [34].) 
(c) For the - 2,3,7 pretzel knot, there are 4 finite surgeries, satisfying A(a, /I) < 2. 
(d) The examples of iterated torus knots mentioned at the end of Section 2, give 6 finite 
surgeries atisfying A(a,/?) < 5. 
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From this we conjecture that there are at most 6 finite surgeries on a non-torus knot in 
the 3-sphere. Compare [13, Corollary 21. 
Finally, we remark that there is an infinite family of hyperbolic knots each admitting 
6 non-hyperbolic surgeries. These are obtained from l/n surgeries on the unknotted 
component of a link (“the Whitehead sister”) with the same hyperbolic volume as the 
Whitehead link, and shown in Fig. 3. This seems to give the maximum number of 
non-hyperbolic fillings known to occur in an infinite number of examples. This example, 
discovered by Hodgson and Weeks [22], also shows that recent results of C. Gordon [18] 
on the distance between Dehn fillings on hyperbolic manifolds yielding manifolds contain- 
ing essential tori are sharp. 
5. A REMARKABLE LINK COMPLEMENT 
We examine a particular link complement in S3, that beautifully serves to illustrate 
Thurston’s theorem and its limitations. It will also provide us with new examples of finite 
surgery on hyperbolic knots. 
The two important points to make about the 2n theorem concern what the theorem 
does not assert. First, while the number of exceptional surgeries on a given knot is bounded, 
there is no bound as to what the exceptional surgery coefficients may be using the usual 
meridian/longitude coordinates. (However, the arguments of Section 3 give bounds if one 
uses the geometrically natural coordinates consisting of the shortest closed geodesic, second 
shortest closed geodesic in the Euclidean structure on the boundary of a horoball neigh- 
bourhood of a cusp.) Second, the number of excluded surgeries is per component. In 
particular, for a fixed surgery on a single component there may be an infinite family of 
surgeries on a different component yielding manifolds without negatively curved metrics. 
Both of these points are beautifully illustrated by the link complement given in Fig. 5. 
That our link complement gives rise to a family of knots exhibiting this behavior is 
demonstrated by the following propositions. 
PROPOSITION 15. For each integer n, the 3-manifold given by the surgery diagram below in 
Fig. 5 is a Seifert jbre space over the 2-sphere with Seifert invariants 0; n/l, - 312, 512. 
Proofi The Seifert fibre spaces over S2 correspond via double branch coverings to the 
so-called rational pretzel or Montesinos links. In particular, if the invariants are 
b,aJl&, . . . ,a”//?” the corresponding Montesinos link is obtained by inserting rational 
tangles into the link diagram indicated below [12]. We will refer to the values 
b,arl&, . . . , a,//$ as the coefficients of the Montesinos link (Fig. 4). 
Of particular interest in our situation is when there are three exceptional fibres with 
indices aI, a2, a3 forming a platonic triple. Our link is strongly invertible, so to prove our 
proposition we apply the Montesinos trick (see [25] or [6]) to our link. Namely, we form 
the quotient by the strong inversion and note that with the indicated surgeries on the link, 
the corresponding untangle surgeries in the quotient yield a link which is the Montesinos 
link with the appropriate coefficients (Fig. 5). 
A single application of the Kirby-Rolfsen calculus now gives us the following. 
PROWSITION 16. The mangold given by 4n + 15 surgery on the - 2,3,2n + 5 pretzel 
knot is a Seifert Jibre space over the 2-sphere with Seifert invariants 0; n/l, - 312, 5/2. 
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As remarked above, this demonstrates the unbounded nature of the surgery coefficients. 
Moreover, taking the case where n = 2, Proposition 16 shows that + 23 surgery on the 
- 2, 3, 9 pretzel is finite. Indeed, the fundamental group is just Zz3 x Ilzo. It is useful to 
note here that the - 2,3,1 pretzel is just the 5, 2 torus knot, the - 2,3,3 pretzel is the 
4, 3 torus knot, and the - 2,3,5 pretzel is the 5,3 torus knot. So the other finite surgeries 
indicated by proposition 16 were known. 
A similar sequence of pictures shows 
PROPOSITION 17. The manifold given by 4n + 14 surgery on the - 2,3, 2n + 7 pretzel 
knot is a SeifertJibre space over the 2-sphere with Seifert invariants 0; (2n + 1)/2, - 2/l, 4/l 
(Fig. 6). 
Note that setting n = 1 in the above proposition shows that + 22 surgery on the 
- 2,3,9 pretzel knot is finite. Here the group is Z1 1 x 0d8. 
Two other pictures are useful here. One is the result (after isotopy) of applying the 
Montesinos trick to the trefoil and the other corresponds to the trick applied to the - 2,3,7 
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pretzel knot. For details, see [6]. The branch set corresponding to p/q surgery on the trefoil 
is obtained by inserting a rational p/q tangle into the diagram as indicated. The reader may 
easily check that inserting a 17/2 untangle into the trefoil picture and the appropriate 
untangles in our link picture above give the 0; 2, - 3,5/2 Montesinos knot. Both surgeries 
thus yield the same Seifert fibre space (Fig. 7). 
Remark. In his thesis, Weeks [34] shows that one can construct from our link comp- 
lement infinitely many pairs of distinct hyperbolic knot complements having the same 
volume. In particular, he notes that the tweeny knot 52 (the - 2, 3, - 1 pretzel) and the 
Fintushel-Stern knot (the - 2,3,7 pretzel) are distinct hyperbolic knots whose comp- 
lements have the same volume. 
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6. SOME INFINITE FAMILIES OF FINITE SURGERIES ON HYPERBOLIC KNOTS 
Finally, we describe two infinite families of hyperbolic knots admitting finite, non-cyclic 
surgeries. These knots were discovered by Hodgson and Weeks during their survey of low 
volume hyperbolic manifolds [22], and have a number of other interesting properties. 
PROPOSITION 18. Let K, be the knot in the 3-sphere obtained by l/n-surgery on the 
unknotted component of the - 2,3,10 pretzel ink. Then the manifold obtained by 8 - 36n 
surgery on K, is a Seifert fibre space over the 2-sphere with Seifert invariants 0; 2/l, 2/l, 
( - 14n + 3)/(5n - 1). The fundamental group of this mangold is the product 
D&,,- 3I x CIa6” _s, of the binary dihedral group of order I14n - 3 1 with the cyclic group of 
order 136n- 8). 
Proof. As in Section 5, it is easily seen via the Montesinos trick that (8/i, l/n) surgery on 
the - 2,3, lo-pretzel link gives the Seifert manifold described above. See Fig. 8. The result 
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follows immediately since the two components of the - 2,3, lo-pretzel have linking 
number 6. 
Remark. The Montesinos trick can also be used to show that following five fillings on 
the trefoil component of the - 2,3,10 pretzel link give non-hyperbolic manifolds: 
l/O filling gives a solid torus; 
7/l filling gives a Seifert fibre space over D2 with branch points of order 2,3; 
8/l filling gives a Seifert fibre space over D2 with branch points of order 2,2; 
9/l filling gives a Seifert fibre space over D2 with branch points of order 3,3; and 
10/l filling gives a manifold containing an incompressible torus (See Fig. 9). 
Performing l/n Dehn fillings on the other (unknotted) component then gives an infinite 
family of hyperbolic knots K,, each admitting 5 non-hyperbolic surgeries. 
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PROPOSITION 19. Let K, be the knot in S3 obtained by l/n surgery on component 2 of the 
link L shown in Fig. 10. Then, for each integer n, - 36 - 1OOn surgery on K, gives a manifold 
whose fundamental group is the product D&+ 14nl x C19+25nl of the binary dihedral group of 
order 415 + 14nj with the cyclic group of order 19 + 25n(. 
Proof: The complement of L has the following presentation (which we obtained using 
the computer program SNAPPEA written by J. Weeks): 
(a, b 1 AABAB3 aabab3 = 1) 
where A, B denote a- ‘, b- ’ r espectively. Further, if mi and li denote the meridian and 
longitude for the ith component, then: 
ml = bab3, m;3611 = BBaa 
m2 = b3aba(a2ba)3, l2 = b3aba(a2ba)2mi. 
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Therefore, - 36/l surgery on component 1 gives a manifold with fundamental group: 
(a,bla2 = b2) 
and the meridian and longitude on the other component can then be written in the form: 
m2 = u2(ba)’ (a2 bu)3 
l2 = u2(bu)‘(a2 bu)2 rni . 
From this it is easy to see that x = bu and y = u2 also generate the peripheral subgroup 
(m2,12) = (x,y), and m2 = x5y4, l2 = x14y11. 
Adding the relation x p 4 = 1, gives a group with presentation: y 
G = (a, b 1 u2 = b2, (bu)Pu2q = 1). 
Since u2 = b2 is a central element in G and G/(u’) is the (2, 2, p) triangle group 
(a, b 1 u2 = b2 = (ub)P = l), 
it follows that (a’) is the centre of G, and that G is the group of a Seifert fibred space over 
the sphere with three exceptional fibres of orders 2,2 and p. In particular, G is a finite group. 
We also note that the abelianization of G has order 4(p + q). 
The case of l/n surgery on component wo, corresponds to Dehn surgery on a knot in 
S3. Here p = 5 + 14n and q = 4 + lln, so we obtain the group of a Seifert fibre space over 
the 2-sphere with three exceptional fibres of orders 2,2, 5 + 14n and with abelianization of 
order 419 -t 25nl. It follows that the group is product D4*,5+14nl x C19+25nl of the binary 
dihedral group of order 415 + 14nl with the cyclic group of order 19 + 25nl. Since the two 
components of L have linking number 10, the - 36 surgery on L corresponds to - 36 
- 1OOn surgery on K,. 
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Packing of horoballs at cusp 1, viewed from this cusp. 
(Unshaded horoballs come from cusp 1, shaded horoballs come from cusp 2.) 
Some data for the maximal sized cusp: 
cusp vo1une = 2.812612 
total volume = 4.725402 
Shortest translation is for (-37,l). 
Next shortest translation is for (1,O). 
meridinal translation: 2.480430 1.066271 
longitudinal translation: 91.775924 37.184174 
shortest translation: 0.000000 2.267842 (length: 2.267842) 
other translation: 2.480430 1.066271 (length: 2.699901) 
conformal invariant of cusp (l/m): 36.668270 t -0.771692 i 
(This information was produced using Jeff Weeks' program SNAPPEn.) 
Fig. 11 
Remarks. (a) The link L in Fig. 10 is in fact strongly invertible, hence amenable to 
analysis by the Montesinos trick. There are 5 fillings on component 1 of the link L giving 
non-hyperbolic manifolds: the - 36 filling gives a Seifert fibre space over 0’ with branch 
points of order 2,2; the l/O and - 37 fillings give solid tori; and the - 38/l and - 73/2 
fillings give manifolds containing essential tori. (We leave the details to the interested 
reader.) So by performing l/n surgeries on cusp 2 of L, we obtain another infinite sequence 
of hyperbolic knots K, each admitting 5 non-hyperbolic Dehn surgeries. 
(b) The knots K, give an infinite family of knots in the 3-sphere with the remarkable 
property that the meridian is not the shortest geodesic in the natural Euclidean similarity 
structure on the cusp, coming from the complete hyperbolic structure on S3 - K,. In fact, 
the slope - 37/l gives the shortest geodesic on cusp 1 of S3 - L (see Fig, 11); hence it is also 
shortest on the cusp 1 of S3 - L after l/n surgery on cusp 2, for all n sufficiently large. (The 
proof of Thurston’s Dehn Surgery theorem [30] shows that the hyperbolic structure on the 
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cusp of S3 - K, converges to the hyperbolic structure on the first cusp of L as n + co .) The 
knot KO was the first known example with this property. See [22] for further examples and 
discussion. 
REFERENCES 
1. C. ADAMS: The noncompact hyperbolic 3-manifold of minimal volume, Proc. AMS lOO(4) (1987), 601606. 
2. C. ADAMS: personal communication. 
3. J. BAILEY and D. ROLFSEN: An unexpected surgery construction of a lens space, Pacific J. Math. 71(1977), 295-298. 
4. A. F. BEARDON: The Geometry of Discrete Groups, Springer, New York (1983). 
5. J. BERGE: The knots in 0’ x S’ which have nontrivial Dehn surgeries that yield D* x S’, Topology Appl. 38 
(1991), l-20; and private communication. 
6. S. BLEILER: Prime tangles and composite knots, in Knot theory and Manifolds, SLNM 1144, Springer, Berlin 
(1985), 1-13. 
7. S. BLEILER and C. HODGSON: Spherical space. forms and Dehn surgery, in Knots 90, De Gruyter, Berlin (1992), 
pp. 425-433. 
8. S. BLEILER and R. LITHERLAND: Dehn surgery and satellite knots, Proc. AMS lM(4) (1990), 1127-1131. 
9. S. BOYER and X. ZHANG: Exceptional surgery on knots, Bull. Amer. Math. Sot. 31 (1994), 197-203. 
10. S. BOYER and X. ZHANG: Finite Dehn surgery on knots, J. Amer. Math. Sot., to appear. 
11. S. BOYER and X. ZHANG: The semi-norm and Dehn surgery, preprint. 
12. G. BURDE and H. ZIESCHANG: Knots, De Gruyter, Berlin (1985). 
13. M. CULLER, C. GORDON, J. LUECKE and P. SHALEN: Dehn surgery on knots, Ann. Math. 125 (1987), 237-300. 
14. M. DEHN: uber die Topologie des dreidimensionalen Raumes, Math. Ann. 69 (1910), 137-168. 
15. D. GABAI: Surgery on knots in solid tori, Topology 28 (1989), 14. 
16. F. GONZALES-ACURA and W. WITTEN: Imbeddings of three manifold groups, Memoirs Amer. Math. Sot. 
99(474) (1992). 
17. C. GORDON: Dehn surgery on satellite knots, Trans. AMS 275(2) (1983), 687-708. 
18. C. GORDON: Dehn surgery on Knots, in Proc. Int. Congress OfMathematicians, Kyoto 1990, Springer, Berlin 
(1991), pp. 631634. 
19. M. GROMOV and W. THURSTON: Pinching constants for hyperbolic manifolds, Inoent. Math. 89 (1987), 1-12. 
20. J. HEMPEL: 3-manifolds, Ann. Math. Studies 86, Princeton University Press, Princeton, NJ (1976). 
21. J. HEMPEL: Dehn fillings of coverings of surface bundles, Topology Appl. 24 (1986), 63-70. 
22. C. HODGSON and J. WEEKS: A census of closed hyperbolic 3-manifoldA in preparation. 
23. T. JQRGENSEN: On pairs of once-punctured tori, preprint. 
24. R. MEYERHOFF: Sphere-packing and volume in hyperbolic space, Comm. Math. Helv. 62 (1986), 271-278. 
25. J. MONTESINOS: urgery on links and double branched coverings of S’, Ann. Math. Studies 84 (1975), 227-260. 
26. L. MOSER: Elementary surgery along a torus knot, Pacific J. Math. 38 (1971), 737-745. 
27. D. ROLFSEN: Knots and Links, Publish or Perish, Berkeley, CA (1976). 
28. P. SCOTT: The geometries of 3-manifolds, Bull. London Math. Sot. 15 (1983), 401-487. 
29. M. SPIVAK :A comprehensive introduction to Differential Geometry, Vol. I and II, 2nd Edn., Publish or Perish, 
Berkeley, CA (1979). 
30. W. THURSTON: The geometry and topology of 3-manifolds, Princeton Univ., Math. Dept. 1979. 
31. W. THURSTON: Hyperbolic structures on 3-manifolds, I  Ann. Math. 124 (1986), 203-246. 
32. W. THURSTON: Geometric structures on manifolds with symmetry, preprint. 
33. S. WANG: Cyclic surgery on knots, Proc. AMS W(4) (1990), 109-1094. 
34. J. WEEKS: Ph.D. Thesis, Princeton University (1985). 
35. Y. Wu: Cyclic surgery and satellite knots, Topology Appl. 36 (1990), 205-208. 
Department of Mathematics 
Portland State University 
Portland, OR 97207-0751 
U.S.A. 
Department of Mathematics 
University of Melbourne 
Parkville, Victoria 3052 
Australia 
